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Extension of the Brouwer logic KTB

Thn = KTB @ (4,,), where

K U(p — q¢) — (Up — Uq)
T LIp — p
B p—U0p

(4n) O"p — Oty



(trann) Vg q(if tR™" 1y then zR™y)

where the relation of n-step accessibility is defined induc-
tively as follows:

xROy iff x=uy
Ry iff 3, (eR™z A zRy)



KTB C ... C Tn—|—1 CTnC..CTyCTy =S5
Kripke frames for To logic

A Kripke frame is a pair § = (W, R), where the relation R
is reflexive, symmetric and 2-transitive.



Denote a := p A =OUp.

Definition 1.
A1 = —p A«
As = —pA-A1 NOQA,
Az = a N QA
For n > 2:
Aoy = pAQAz_1 A7Ao, 2
Aopnt1 = aANQAy AN—Ag, g

Theorem 2. The formulas {A;}, i1 > 1 are non-equivalent
in the logic Ts.



Proof. Let us take the following model 9 = (W, R, V):



Y1 =D yo=—v ya=DpP ysE-"DP yYsEp yYsl=p

Q o o




Y1 =D yo=—v ya=DpP ysE-"DP yYsEp yYsl=p

Q o o o




Y1 = a yo = o
Yy1IE-p yoFEP Yy3EP yvaE"D yYsEDP ys =W

Q

P o o

:p) xz ‘: Y

r1 —p, L1 ‘: Dp

where a := p A =OUp.



yl ]zmﬂoz
Y1 =D yo=—v ya=EDP ysE-"DP yYsEp yYsl=p

Q o o o




y1 = Aq
Y1 =D yo=—v ya=EDP ysE-"DP yYsEp yYsl=p

Q o o o




y1 = A1 yo = Ao
Y1 =D yo=—v ya=EDP ysE-"DP yYsEp yYsl=p

Q o o o




y1 = A1 yo =
y1 = -p yo &=

Q

Ay y3 = Az
p Y3EP Ya




y1 = A1 yo =
y1 = -p yo &=

Q

Ay yz = Az ya
p Y3EP Ya




For any ¢« > 1 and for any x € W the following holds:
x=A; Iff ==y,

Theorem 3. There are infinitely many non-equivalent for-
mulas written in one variable in the logic Ts.

[1] Kostrzycka Z., On formulas in one variable in NEXT(KTB),
Bulletin of the Section of Logic, Vol.35:2/3, (2006), 119-
131.



Wheel frames

Definition 4. Let n € w and n > 5. The wheel frame
W, = (W, R) where

W = rim(W) U h and rim(W) = {1,2,...,n} and h &
rim(W).

R = {(z,y) € (rim(W))? : |z —y| < 1(mod(n — 1))} U
{(h,h)} U{(h,x),(x,h) : z € rim(W)}.



A diagram of the 2g




Lemma 5. For m >n > 5, L(2,) € L(Wn).
Lemma 6. For m > n > 5, suppose there is a p-morphism
from 20, to 20,,. Then m is divisible by n.

On the base of these two lemmas and by using the split-
ting technique effectively, Y. Miyazaki constructed a con-
tinuum of normal modal logics over Ts logic.

[2] Miyazaki Y. Normal modal logics containing KTB with
some finiteness conditions, Advances in Modal Logic, Vol.5,
(2005), 171-190.



Let:

BAOAL A —=OAS
BA=0AL A=A

@
I

m =2
|

°%[A,_1 — OAL], for k> 2
Dy, = O?[(Ap A =0Ag+1) — Oel,
= 0%(0p — Ov)

3
[

&
|

k—1
F, = (Dp/\ /\ Ci/\Dk_]_/\E) —><>2Ak
1=2



Lemma 7. Let k> 5 and k- odd number.
W, = F. iff ¢ is divisible by k 4 2.
Proof. (<)

Let : = k 4+ 2. We define the following valuation in the
frame 27;:

h = bp,
1 F b
2 = p,
3 = b,
4 = p,
2n—1 = p, for n >3 and 2n —1 <7z,

2n ¥~ p, for n >3 and 2n <.



Let k=7 and 1 = 9.
8= p

7=p 9 =p

6Fp

5F=0p

4 = p 3FED

1 = p,

2 =p






4 = p

where v = A QA1 A QA
B =-UpAOUp

3FEDP

2F=p, 2=~



2E=p, 2=v

7= P

3FEP,3FE A



2E=p, 2=v

47=p
4 = Ao

3FEP,3FE A



2E=p, 2=v

3FEP,3FE A



2E=p, 2=v

47=p
4 = Az

3FEP,3FE A



4= p 3FDp3 = A
4 = Ao

where Fy = (Op AAS_5 C; A Dg A E) — 02 A7.



Then the point 1 is the only point such that 1 = Up. And

further:

A W N =

kE+1
k+ 2

7=

Ak—la
A, and k+2 =«

Then we see that for all j = 3,...,k+1 we have: j = A, iff
n =7 — 2. We conclude that for all j =3,...,k+ 1 it holds
that: j &= /\f:_% C;ANDyp_1NE. Then the predecessor of the
formula Fi: (Lp A /\f;Ql C; N Dp_1 N E) is true only at the
point 1. At the point 1 we also have: 1 (& <>2Ak, because



there is no point in the frame satisfying A;,. Hence at the
point 1, the formula F} is not true.

In the case when ¢ = m(k 4+ 2) for some m # 1, m € w we
define the valuation similarly:

h = p
1+U(k+2) = p,
24+1(k+2) E= p
3+IU(k+2) ~= p

= D,

4+ 1(k + 2)

p, for n >3 and 2n —1 <,
p, for n >3 and 2n <.

2n — 14+ 1(k + 2)
2n + 1(k + 2)

T



for all [ such that: 0 <[l < m. The rest of the proof in this
case proceeds analogously to the case 1 = k 4 2.

(=) Suppose there is a point x € W such that:

k—1

z = (OpA N\ C;ADp_1ANE)
1=2

xr ‘: ﬁ<>2Ak.

First, let us observe that = #* h because z = {~. Let
x = 1. Then we know that there is a point 2 such that
2 = ~ what involves existence of the next point 3 such
that 3 = Aq. Because of C;, ¢ = 1,2,....k — 1 we know
that there is a sequence of points 3,4, ...,k + 1 such that
nE= A, >for2<n<k+1and k+1=-0A,. Then the
point k + 2 next to the point £+ 1, has to validate the



formula . Because h = ¢ and k,k+ 1 = ¢ then it must
be a rim element. It has to see some point validating Llp
and if it sees the point 1 then we have that : = k+2. But
suppose that k£ + 2 does not see the point 1. Anyway, it
has to see another point validating Llp. Say, it is the point
k + 3. But it has to be £+ 3 = {~. Because h = v then
it has to be other point, say k£ + 4 such that £+ 4 = ~.
Then there has to be a next point k + 5 different from h
such that k+5 = A1. Again from C; for i =1,2,....k—1
we have to have: k+6 = Ay, ....,2k+3 = Ai_1. Then we
have that there has to be a point 2k 4+ 4 validating ¢, and
then some point validating Up. If it is the point 1 then
we have ¢ = 2(k 4+ 2). If not, then we have analogously
another sequence of k4 2 points and so on.




The main theorem is the following:
Theorem 8. There is a continuum of normal modal logics
over To logic, defined by formulas written in one variable.

Proof. Let Prim :={n €w :n+2is prime, n > 5}. Let
X,Y C Prim and X # Y. Consider logics: Lx := To®{F}, :
ke X} and Ly :=To® {F, : k€ Y}. From Lemma 7 we
know that if j ¢ X then F; € Ly and inversely. That means
that we are able to define a continuum of different logics
above Ts by formulas of one variable.

[3] Kostrzycka Z., On the existence of a continuum of
logics in NEXT(KTB @ O0?p — [33p), accepted to Bulletin
of the Section of Logic.



