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Abstract

In this paper we examine normal extensions of Grzegorczyk’s logic over
language with one propositional variable and signs of {—, 0} only.

1 Grzegorczyk’s logic and its normal extensions

Syntactically, Grzegorczyk’s logic Grz is characterized as a normal extension of
S4 modal calculus by the axiom

(9rz) O@(p —Op) —p) —p

The set of rules consists of modus ponens, substitution and necessitation.
Semantically, Grz logic is characterized by the class of finite reflexive and tran-
sitive trees. Recall, that by a tree we mean a rooted frame § =< W, R > such
that for every point x € W, the set x | is finite and linearly ordered by R.

In this section we examine normal extensions of Grzegorczyk’s logic obtained by
adding to the set of axioms new formulas. The axiomatic extensions are uniformly
connected with a depth of a tree.

Definition 1. A frame § is of depth n < w if there is a chain of n points in §
and no chain of more than n points exists in §.

Forn > 0, let J,, be an axiom saying that any strictly ascending partial-ordered se-
quence of points is of length n at most, i.e., that there exist no points x1, xs, ..., x,,
such that x,,; is accessible from z; for ¢+ = 1,2, ..., n.

The formulas J,, are well known (see [1] pp.42) and are defined inductively as
follows:

Definition 2.

Ji = OUp1 — p,
Jn-i—l - O(Dpn—i-l/\ ~ Jn) — Pn+1-



We will consider the logics Grz=" = Grz @ J,. They contain the logic Grz and
the following inclusions hold:

Grz C ...Cc Grz=" c Grz="! c ... ¢ Grz=? ¢ Grz=! (1)

2 Implicational-necessitional reducts of extensions
of Grzegorczyk’s logic

The main goal of this paper is to investigate the implicational-necessitional reduct
of Grzegorczyk’s logic with one variable. The language {5} consisted of sings
of implication and necessity and one propositional variable p only is defined as
follow:

Definition 3.

pe F
a—pBer= i ae FOD and g e FID
Oa € FIHiff a e FIO

From now on, the whole investigation will concern implicational-necessitional
reducts of logics Grz and Grz=". We do not introduce new symbols for them.
The simplest manner to characterize the logics Grz=" is examining the appro-
priate Tarski-Lindenbaum algebras Grz=" /=. Let us introduce an equivalence
relation on algebras Grz=":

Definition 4. a = 3 iffa — § € Grz=" and f — o € Grz=" forn =1,2,...,n.

Lemma 5. For any algebra Grz="/— the following orders hold:

[Opl= < [o]= for any o € FIU, (2)
[a]= < [p — pl= for any o € FT, (3)

where < s defined in the conventional way.

Proof. The proof of (3) is obvious. (2) follows from reflexivity of appropriate tree
and restriction to the formulas from F{=5 If the formula Op is true at some
point x of some tree it involves being true for p at every point x; € x T and hence
all formulas as well.
We see the class [[p]= behaves as 0 of the algebra Grz="/—, whereas [p — p|=
as 1.
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Lemma 6. Every algebra (Grz="/—,1,—) is an implication algebra including
0 = [Op|=.

Proof. The implication — is just classical one. For details see [2]. O

It is well known (see again [2|) that every implication algebra with the zero
element might be extended to a Boolean algebra by introducing new operations
V, ~, A defined in the conventional way. Hence we have:

Corollary 7. Every algebra (Grz="/-,1,—,V,A,~) is a Boolean algebra.
It is also obvious that:

Lemma 8. Every algebra (Grz="/—,1,—,V, A, ~,0) is a modal algebra.

3 Reduction of models

The main task of this section is to characterize the quotient algebras Grz="/_.
The crucial point in this attempt will be a theorem allowing reduction of finite
reflexive and transitive tree to the linear ordered frame consisting of n points.
First, we recall some definitions of the needed notions and some theorems as well
(for details see [1] or [3]).

The length of formula is defined in the conventional way:

Definition 9.

I(p) = 1
I(0¢) = 1+1(¢)
(o —) = U¢)+1y)+1

Definition 10. A point x in a frame § is of depth d iff the subframe generated
by x is of depth d.

Definition 11. Suppose we have two frames § =< W, R > and & =< U, S >.
A map f from W onto U is called a p-morphism if the following conditions hold
for every x,y € W:

xRy implies f(x)Sf(y) (4)
f(@)Sf(y) implies J.ew(zRz A f(2) = f(y)) (5)
Definition 12. A p-morphism f of § to & is a p-morphism from a model

M =<5, V1 > to a model N =< &, V5 > if for every variable p, for every point
TEF:

O, z) Ep iff N, f(x) =p (6)



We say in that case the model 91 is reducible to the model 1. It is well known
(see [1], pp.31) that

Theorem 13. If f is a p-morphism from a model M =< §, Vi > to a model
N =< &, V, > then for every formula ¢ and for every point x € §:

O, z) =@ iff (M f(2)) ¢ (7)

Now, we are ready to start the reduction of trees.

Lemma 14. Let § =< W="U{2'}, R > and Fo =< W=" R > be two reflexive
and transitive trees with the length n, where x' is the point of depth 1 such that
(M, 2) E p. Let My =< F1, Vi > and My =< Fo, Vo > and the valuations V;
and Vs of p do not differ in §1 and §2 at the same points.

For any o € FU for any x; € W=" the following equivalence holds:

(ml,l’i> ): « Zﬁ (mz,l’i) }: (6% (8)

Proof. We use double induction on the depth of points and length of formula. At
the points z; € «’ | (8) holds trivially. Let (z1, s, ..., 2%, 2'), k < n be any chain
of points from W<=". For i = 0 and a = p we have z;,_; = z;, and it is trivial that
(8) holds. Suppose (8) holds at x; for a with the length < ¢. We show it holds
for t + 1. We have two cases:

1. Let @« = a3 — ag and (M, xy) ~ . Then (M, xx) = a1 and (M, z) -
ag. From inductive hypothesis we have (9, xx) = ag and (M, ) F~ an
and hence (9My, zx) & . The proof of reverse implication is analogous.

2. Let @ = Oay and (M, zx) F~ Doy

(a) Suppose it is because (M, zx) ~ aq. From inductive hypothesis we
have (Mo, xx) = ar. Then (M, z) = Doy

(b) Suppose we have (9, xx) E oy and for some x; € xy, T holds (M, x;) £
«q. But it is impossible because the only point x; being the successor
of x; is ' at which every formula o € F1=5 is true (it is the last
point in the frame 9, ).

If (9, xx) = Doy the case is obvious.

Suppose now (8) holds at points of depth < i for every formula «. It should
be shown that if (8) holds at point z;_(;41) for a of length < ¢, then also for a
of length ¢ + 1. In that case the inductive step proceeds analogously to the one
presented above. 0]

On the base of Lemma 14 we need only to consider as a models for implicational-
necessitational reducts with one variable of Grzegorczyk’s logic the finite reflexive
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and transitive trees with the last points on their branches falsifying p. It coincides

with the condition of consistency of models which, in general involves Grz=" #
Fi=0r

Lemma 15. Let My =< W, R, Vi > and My =< U, S, Vo > be two reflexive
and transitive trees with the length n and with the last points falsifying p. Let
(Y1, Y2, - y1), I < n be any chain of points from U. Let the valuation in My is
defined as follows:

(Mo, y:) = p iff (Mo, yi1) Fp (9)

for any y; € U and 1 < i <n —1. Then the model M, is reducible to the model
M.

Proof. We show that there is a p-morphism from 991, onto 991, , which glues the
neighbouring points if they all falsify or satisfy p. Let (21,29, ...,2x), K < n be
any chain of points from W and xj is the point of depth 1. The p-morphism is
defined as follows: f(zx) = y; and y; = p. If x4y = p then f(zp_1) = y. It
proceeds as long as at some point xp_; p is true . Then f(zr_;) = y;—1. This
process is continued to the point z;. The conditions (4),(5) hold obviously as
well as the one (6).

Lemma 16. Let M, =< W, R, V|, > be a reflexive and transitive tree with the
length n, with the last points falsifying p and with the valuation defined as follows:

M, z) Ep iff (O, 2i41) FED (10)

foranyx; e W and1 <i<n-—1.
Let My =< U, S, V, > be a linear reflexive and transitive frame with the length n
with the last point falsifying p and with the valuation defined:

(Mo, vi) Ep iff (M2, Yir1) F p- (11)

foranyy; €U and1 <1< n—1.
Then the model 9y s reducible to the Ms.

Proof. Since the model M, is linearly ordered it is simply a chain of n points
(y1, Y2, ---, Yn) such that

Yn—2t ): b (12)
Yn—(2t+1) F’é p (13)

for t > 0 and such that 1 <n—-2t<nand 1 <n-—(2t+1) <n.
Let x;_; be any point of depth i from . The p-morphism will be glue the points
of the same depth in 91, and is defined as follows:

f(Th-i) = Yr—i (14)



for 1 < k < nand i < n. The function defined above fulfills all the needed
conditions (4), (5) and (6) to be a p-morphism. O

From the above lemma we conclude that every extension of Grzegorczyk’s logic
Grz=" in the reducted language is characterized by the single linear frame <
(21, T2, ..., xp), R > with the last point falsifying p and satisfying the conditions
(12) and (13). That linear frame will be signed as §;". Every adequate modal
frame is uniquely associated with some Boolean algebra. Hence, the simplicity of
3’%" makes simple the investigation of the appropriate Tarski-Lindenbaum algebra
(for details see [1]). Below we present some examples of frames and appropriate
quotient algebras.

Example 17. The diagram of the algebra Grz='/— is the following:

p—=n

p

Diagram 1

Example 18. Diagram 2 presents both the frame SEQ and the Tarski-Lindenbaum
algebra Grz=? /.
T

X2

p— Up

Ty op p

Diagram 2

Example 19. The diagrams ofgéiz and the Tarski-Lindenbaum algebra Grz=> /-
are the following:



T3 Q

Ta P

10

Diagram 3.
where
A = [pl=
A2 . DAl
Ag == Al — A2
Ay (A5

4 Determining the algebra Grz="/_

The aim of this section is proving that for any n € N the algebra Grz="/_ is
finite and has exactly 2" elements. We start with analyzing the appropriate linear
frame SE” Let us define by induction the following formulas:

Definition 20.
Ay =p, Ag,=0Ag, 1, Aoy = A9, 1 — Aoy, for n>1.
Lemma 21. Let Sf” be the linear frame for Grz=". For any k =0,....,n — 1:
Tok 1T E A forany k' > 2k+ 3. (15)

Proof. By induction on k. If £ = 0 then the point z,, is the last point in the
chain (z1,...,x,). From Lemma 14, z, [~ p and hence x, = Op. This gives us
x, = As. It is easy to notice that z,, = Ay for &' > 3.

Assuming (15) to hold for points of depth < k, we have x,_ TE Ay for &' >
2k 4+ 3 and also x,_ T Agkis. We will prove x, 1 | Asgkis. If not, then
Tpp1 | Aokas and z,_j_1 £ OAgkys. Hence there is a point 2/ € z, 41
such that 2’ £ Agyys, but it is a contradiction. From inductive hypothesis we
have also z,,__1 T A for k' > 2k + 5. d

7



Lemma 22. Let Sf” be the linear frame for Grz=". Then

Tpook | Auwgs and T op [ Aspia (16)
forany ' >k and 1 <n—2k <n,
Tn—(2k—1) ): Ay and Tn—(2k—1) |75 A 43 (17)

forany k' >k and 1 <n—(2k—1) <n,

Proof. We use double induction with respect to the k& and &’. Let & = 0. Then
k' = 0 and z, [~ p and z,, = A;. We obtained (16). If £ = 1 then z,1 = p,
Zn—1 = Op and hence x, 1 = As. We obtained (17). Assume (16) and (17)
hold for some k. We show they hold for k£ + 1. Assume now they hold for
some k' > k and take k' + 1. Let us consider the formula Ay 7 = Az —
DA4k/+5. We will Prove T'pn_(2k+42) b’é A4k/+5. We know that Tn—(2k+2) }: A4k/+3

and Zp,_(2k12) FF OAgr4s because x,_(2k-1) = Aawys. S0, Ty (2p+2) = Aarr47 and
also @, (2k42) [~ Aawys. The proof of (17) proceeds similarly. O

Corollary 23. Let &%” be the linear frame for Grz=". For anyk =0,1,...,n—1:
max{k': x, i & Agpry1} = k. (18)
Corollary 24. Let Sf” be the linear frame for Grz=". For anyk =0,1,...,n—1:

Tpop & Aowys — Aopyr iff K =F. (19)

Because considered frames are 1- generated they are also atomic (see [1], pp.270)
that are frames with every point being an atom. A point z is an atom in a frame
if there is a formula ¢ being true only at that point.

Theorem 25. The following classes are atoms in every linear frame S%n
(Agkgs — Agpqr) — Ay for k=0,1,..,n—1

Proof. Tn the linear frame §;" for any k < n we have: x;, £ Ay. So we see that
the point x,_x is the only point at which the formula (Aggys — Agki1) — As is
true.

Corollary 26. Every algebra Grz="/_ consists of 2" equivalence classes gener-
ated by n atoms.

In the picture below the linear frame Sf” with listed atoms is presented.



Tn 9 [(A5 — A1) — AQ]

Tno13D  [(A7 — Az) — A

Tn—2 [(Ag - AS) - AQ]

Tp—30P (A1 — A7) — Ay

T1 o [(A2n+3 - A2n—1) - AQ]

Diagram 3.

Diagram 4.
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Diagram 4 presents the rule of raising of the quotient algebra Grz="/—. More
exactly - the whole algebra Grz=*/_ is drawn with a one cube being a part of
Grz=’/_. The diagram of Grz="/_ consists of four analogous cubes not being
marked in the picture. The classes of atoms are however listed.
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